In this article two non-developable ruled surface are defined by the spherical indicatrices of a regular space curve. The elementary differential geometry of such surfaces is studied. Moreover, the singularities of them are investigated and the geometric conditions for their singularities are given.
Introduction
The theory of ruled surface is an active area of research. Although, it is an old topic in the classical differential geometry, it stills a fascinating area for many geometers. Many geometers studied the ruled surfaces and their singularity [5, 6, 7, 15] . The attractive side of the theory of surfaces in R 3 is their singularities and the geometric conditions for such singularities. The full classifications of the singularities of a map from R 2 to R 3 are given in [12] . After Mond's work in [12] , many authors studied the criterion for some of what Mond found, for more detail see [3, 8, 9, 16] . As an application of Mond's classifications, Mond and other authors studied the geometric conditions for the singularities of some ruled surfaces and for more information in this topic we refer the reader to [5, 6, 7, 11, 13, 15] . A ruled surface in R 3 is defined as the image of the map Ω : I × J −→ R 3 given by Ω(t, u) = ζ(t) + uη(t) for smooth mapping, ζ : I −→ R 3 , and η : I −→ R 3 . The curve ζ is called the base curve and the curve η is called the director curve. This article is a continuation of what the author and A. Asiri did in [1] . In [1] the author and A. Asiri introduced two developable ruled surfaces Ω T N and Ω BN by taking the principal normal indicatrix of a regular space as a base curve for both surfaces and the tangent indicatrix and the binormal indicatrix as the director curves. In this article we take the versa of what has been taken in [1] . Precisely, we define two ruled surfaces Ω N T and Ω N B by taking the principal normal indicatrix of a regular space curve as the director curve for both surfaces and the tangent indicatrix and the binormal indicatrix as the base curves see section 3. This article is divided into four main parts. The first part is this introduction which highlights the basic information about the article. In the second part we review basic concepts of the theory of curves and surfaces in R 3 . In the third part the essential elementary differential geometry of the surfaces Ω N T and Ω N B are investigated. The last is the main part of this paper. In this part the singularity of the surface Ω N T is studied. Moreover, we give the geometric conditions for this surface to be diffeomorphic to crosscap, S + 1 and C + 3 , with normal forms (x, y 2 , xy), (x, y 2 , y(x 2 + y 2 )) and (x, y 2 , x 3 y + xy 3 ) respectively. It is well known that the crosscap is 2-determined, S + 1 is 3-determined and C + 3 is 4-determined (see [4, 12] ). The geometric conditions mentioned previously depend on the number of vanishing of the torsion of the regular space curve.
Preliminaries
In this section we review some basic concepts related to the classical differential geometry of curves and surfaces in R 3 and for more detail in this topic we refer the reader to [2, 10, 14, 17] . A curve γ : I → R 3 is a regular space curve if γ (t) = 0 for all t ∈ I.
The curvature and torsion formulae of γ are given by κ γ = γ ∧ γ γ 3 and 
This frame forms a basis of R 3 . There are three planes associated to any curve spaned by the triple {T γ , N γ , B γ }. These planes are the normal plane which is spanned by N γ and B, the rectifying plane which is spanned by T γ and B γ and finally the osculating plane which is spanned by T γ and N γ . A regular curve γ is a unit speed if γ = 1. Let γ : I → R 3 be a unit speed curve. The following equations are called Serret-Frenet equations
where κ γ and τ γ are the curvature and torsion of γ respectively.
In the rest of this section we review some basic concepts of the theory of surfaces in R 3 . Let S : U ⊆ R 2 −→ R 3 be a regular surface given by S(s, t).
The unit normal of S is given by
The first fundamental form of S is given by
where E = S s · S s , F = S s · S t , and G = S t · S t are the coefficients of the first fundamental form. The second fundamental form is defined by
where l = S ss · N S , m = S st · N S , and n = S tt · N S are the coefficients of the second fundamental form. The Gaussian and mean curvatures of S are In the following we study the essential elementary differential geometry such as Gaussian and mean curvatures for the surfaces Ω N T = N γ + uT γ and Ω N B = N γ + uB γ . It is clear that the latter surface is regular always whenever κ γ = 0 whereas the former is regular when τ γ has no zero. Basing on this direct calculations we give the following proposition.
Proposition 3.1. Let γ be a regular space curve parametrized by its arc-length s with non-vanishing curvature (i.e κ γ = 0). The surfaces Ω N T = N γ + uT γ and Ω N B = N γ + uB γ have the following.
and
. Ω N T and Ω N B do not have umbilical points.
It can be easily obtained from Proposition 3.1 that if κ 2 γ = τ 2 γ , then the spherical curve N γ is the minimal locus for the surfaces Ω N T and Ω N B . The following example illustrates this phonemena.
Example 3.1. Consider the curve γ(t) = (t, cos t, sin t). The surfaces Ω N T and Ω N B are given by
Mean curvatures for these surfaces are identically zero at u = 0, that means the minimal locus is the curve N γ (t) see figures 1a and 1b. N T . This map is a diffeomoephism. Since κ γ = −τ γ it is obvious from Proposition 3.1 that this preserves the first fundamental form. Thus it is an isometry. Also, it is clear from Proposition 3.1 that these surfaces have the same Gaussian and mean curvatures, which means that they are preserved by the isometry. Example 3.2. Let γ is given by γ(t) = (e t , e −t , √ 2t). Direct calculation shows that κ γ (t) = √ 2 (e t + e −t ) 2 and τ γ (t) = − √ 2 (e t + e −t ) 2 . Therefore, using Theorem 3.1, the surfaces Ω N T and Ω N B are isometric see figures 2a and 2b. The surfaces Ω N T and Ω N B are defined in the case when γ has non-vanishing curvature. In this case the surface Ω N B is always regular. Regarding to what mentioned previously we are going to investigate the singularity of the surface Ω N T since it is generic for this surface to have a singularity. First of all we highlight some basic concepts related to singularity theory. In this section we use the finite determinacy method to classify the type of singularity of Ω N T . This method depends on the jet space. The k-jet of a smooth map f at a point q, denoted by j k f , is the Taylor expansion at q truncated to the degree k. In this section we prove that the possible singularities for the surface Ω N T when the torsion of the curve γ finishes to order n, 1 ≤ n ≤ 3 are corsscap , S + 1 and C + 3 . Theses singularities are simple and for more detail in simple singularities of a smooth map from R 2 to R 3 we refer the reader to [12] . Recall that two map-germs F i : (R m , 0) → (R n , 0) (i = 1, 2) are A-equivalent if there exist germs of C ∞ -diffeomorphisms ϑ and ϕ such that ϕ • F 1 = F 2 • ϑ holds, where ϑ : (R m , 0) → (R m , 0) and ϕ : (R n , 0) → (R n , 0). crosscap is 2-determined and S + 1 is 3-determined and C + 3 is 4-determined (cf [4, 12] 
, then F and G are A−equivalent at 0 (cf. [12, 18] ). Proof. Let γ be a regular space curve, after a suitable regular linear transformation in the target and suitable change in the source γ can be given by γ(t) = (t, t 2 + a 3 t 3 + a 4 t 4 + ..., b 3 t 3 + b 4 t 4 + b 5 t 5 + ...) around t = 0. We will use the finite determinacy method to prove this theorem. We will prove this theorem at the point (0, 0). At (0, 0), the surface Ω N T is singular if and only if τ γ (0) = 0 if and only if b 3 = 0. Assuming that the second jet of the surface Ω N T is given by
Consider the variable change u = v + 2t + 3a 3 t 2 in the source. This transforms the second jet of Ω N T to
Now consider the coordinate change X = X, Y = [12] A map germ (R 2 , 0) → (R 3 , 0) whose second jet is equivalent to (x, y 2 , 0) is equivalent to a germ of the form
for smooth P .
Using this theorem we have the following theorem which gives a local form of Ω N T when it has a singularity rather than crosscap. In the following, we give the normal form of the surface Ω N T when the number of vanishing of the torsion of γ is two and three. Proof. In the case when τ γ (t 0 ) = τ γ (t 0 ) = 0, we can choose a new coordinate in R so that t 0 = 0 and the curve γ can be reparametrized by γ(t) = (t, t 2 + a 3 t 3 + a 4 t 4 + ..., b 5 t 5 + b 6 t 6 ...) in a neighbourhood of zero. The third jet of the surface Ω N T is given by
The variable change Finally, the coordinates change
and this is A−equivalent to (x, y 2 , y(x 2 + y 2 )) if and only if b 5 = 0 if and only if τ γ (0) = 0 which prove the theorem completely. As a corollary of this theorem, the surface Ω N T does not have S − 1 singularity. Our next aim is to classify the type of singularity for Ω N T when τ γ (t 0 ) = τ γ (t 0 ) = τ γ (t 0 ) = 0. The following theorem provides our demand.
Finally, by appropriate coordinates change in the target and a non-singular variable change in the source, this can be transformed to (x, y 2 , x 3 y + xy 3 ) which is C Let χ be the number of vanishing of the torsion of γ at t 0 . If 1 ≤ χ ≤ 3, Theorems 4.1, 4.4 and 4.5 tell us that the surface Ω N T has one curve of selfintersection if χ is odd and none if χ is even. It is not hard to show that j 5 Ω N T is A-equivalent to (x, y 2 , x 4 y + 8x 2 y 3 + 16 5 y 5 ) when χ = 4. As a conclusion of this section we have the following theorem. Theorem 4.6. Let χ be the number of vanishing of the torsion of γ at t 0 such that 1 ≤ χ ≤ 4. The surface Ω N T at Ω N T (t 0 , u 0 ) has one curve of selfintersection if χ is odd and none if χ is even.
